Abstract. Let m > 1 be an integer, B m the set of all unit vectors of R m pointing in the direction of a nonzero integer vector of the cube [−1, 1] m . Denote by s m the radius of the largest ball contained in the convex hull of B m . We prove the inequalities (log m + 1)
Let C m be the convex hull of B m , and s m the radius of the largest ball contained in C m . (Due to the apparent symmetries of C m , such a largest ball is necessarily centered at the origin.) In the paper [B-M-S(2005) ] (dealing with rotation numbers/vectors of billiards) we needed sharp lower and upper estimations for the extremal radius s m . Here we are going to obtain such estimations.
Use the notation R m = m k=1 1 k . It is an elementary fact that the difference R m − log m tends to the Euler-Mascheroni constant C, as m → ∞ (0 < C < 1). In particular, log m < R m < log m + 1.
Theorem. We have the following estimations for the extremal radius s m :
The proof will be split into of a few lemmas.
depending continuously on w. We claim that
Proof. Lemma 3. Thanks to Lemma 2, in forming the minimum in (1) it is enough to restrict ourselves to the unit vectors w = (w 1 , w 2 , . . . , w m ) for which w 1 ≥ w 2 ≥ · · · ≥ w m ≥ 0. These are the so called "good" unit vectors w. Also, the extremal vertex v(w) ∈ B m (with F (w) = w, v(w) ) can also be selected good. (This lemma is another trivial observation.)
Lemma 4. Consider a good unit vector w for which F (w) = s m , i. e. F assumes its minimum possible value at w. We claim that
Proof. The first inequality is obvious, and the second one is an immediate consequence of the fact that the good unit vector
(with k non-zero coordinates) is an element of B m .
Lemma 5. Consider again a good unit vector w for which F (w) = s m . The following inequalities follow immediately from the previous lemma:
This proves the lower estimation for s m .
Now select and fix a distinguished good vector W whose k-th coordinate is
Lemma 6. For any k, 1 ≤ k ≤ m, we have the following chain of obvious inequalities:
, and we obtain that s m < 2(R m ) −1/2 , by finishing the proof of the theorem.
Remark. Let
and let s 
